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Abstract. In the present paper, a new method is proposed to solve
fuzzy Bernoulli differential equation (FBDE) of the form @' (¢)+p(t) @(t) =
q(t)a™(t), t >0, t € R, a(0) = tp, where p(t) and ¢(t) are real
continues functions, @(t) = (z (t),y (¢),z(t)) is LR fuzzy function, o
is LR fuzzy number and n # 0, 1. At the beginning, n® power of LR
fuzzy number is defined. Thereafter, [i.gH]-differentiability and [ii.gH]-
differentiability are described using generalized Hukuhara difference and
differentiability. At the end, @ (¢) is determined as a LR fuzzy function
through solving 1-cut FBDE, finding the sign of z (¢), p(t), ¢(t) and ap-
plying the proposed theorem. Also, numerical examples are presented
to verify the effectiveness of the proposed method.
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1 Introduction

The dynamic characteristics of many real word problems are not con-
stant for several reasons and varies as time elapses. The best tool for
defining these variations are differential equations. In this regard, fuzzy
differential equations emerge in which variables involve ambiguity and
errors. Over the last several decades, many different investigations have
been performed in the field of fuzzy differential equations [1-8]. For
example, Hukuhara derivative of fuzzy equation was proposed in 1983
[9]. In 2005,B. Bede and et. al. proposed a method to determine weak
and strong generalized derivative of fuzzy functions and introduced its
applications [10].

In 2007, the problem of how fuzzification of different formulations of the
same crisp equation translate into several inequivalent FDEs was inves-
tigated [11]. Also, it was shown that the characteristics and behavior
of the solutions of different fuzzy versions of equivalent crisp ODEs are
very different.In 2013, under strong generalized differentiability [12] the
series solution of fuzzy differential equation was found. In 2015, the
approximate solution of fuzzy equations was calculated by Otadi and
Mosleh under generalized differentiability. Finally, in 2018,under the
concept of generalized differentiability and using new Runge-Kutta —
like formula of order 4, numerical solution of fuzzy differential equations
was determined [13,14].

In the present paper, a new simple and effective method is proposed in
which the solution of fuzzy Bernoulli differential equation is determined
using operations on LR fuzzy numbers and generalized Hukuhara differ-
ence and derivative.

The rest of the paper is as follows: Basic necessary definitions are pre-
sented in section 2. The proposed method for solving fuzzy differential
equation is introduced in section 3. Numerical examples are involved in
section 4 and finally conclusion is presented in section 5.

2 Basic definitions

Definition 2.1. [15] A fuzzy number M is called LR-type if there exist
reference functions L (for left), R (for right), and scalers a > 0, § > 0
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such that:

L (%) forax<m,
MM(x) = R (m—ﬁm) forz>m.

where m is a real number that is said to the mean value of M. « and
B denote the left and the right spread, respectively. Symbolically, M is
described by(m, a, ).

Definition 2.2. [15,16] Consider M, Nas two fuzzy numbers of LR-
type:

M:(m’a7/8)7 N:(n7775)

Then
(m,a, B) + (n,7,0) = (m +n,a+7, 8+ 9),

A'(mja’ﬂ):{(xm,m,w) A0,

(Am, =AB, =XAa) A <0,
(mn,m~y+na,md+np) M. N >0,

(m,a, B) . (n,7,0) ~ (mn,na —mé,nf —my) M <0, N >0,
(mn, my—nf, mé—na) M>0,N<0,
(mn,—nf—md —na—my) M,N <0

Definition 2.3. [17] The generalized Hukhara difference of two fuzzy
numbers is determined as follow:

B B (i) u=v+w,

b gHv—uM:){ or (it)v=u+(-1)w.

Definition 2.4. [18] If zy € (a,b)and h is such that xo + h € (a,b),
then the gH-derivative of a function f : (a,b) — I can be described as
follow:

f.z/;H(wo) = }1&% flxo + h)h—gH f(l‘o)'
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3 Solving fuzzy Bernoulli differential equation

Among various important problems in the field of mathematics, solv-
ing differential equations especially fuzzy Bernoulli differential equations
can be inferred as one of the most important problems. Therefore, in
the following a new method is introduced to solve such problems. The
proposed method is shown to be simple and practical in use.

Definition 3.1. The function u(t) is called LR fuzzy function if its
output are LR fuzzy numbers for each t. The function is shown by
u(t) = (x (t),y (t),z (t)) where x (t) is the core function and y (t)andz (t)
are the left and the right spread functions, respectively. Moreover, it
can be said that the fuzzy function u(t) is positive (negative) if x (t) > 0
(x (t) <0).

Definition 3.2. Consider the differential equation as
w'(t) +pt)alt) =q(t) a"(t), t=0,teR (1)

with the initial value as

@(0) = g

The aforementioned differential equation is said to be fuzzy Bernoulli
differential equation (FBDE) where p(t) and q(t) are real continues func-
tions, u(t) denotes a LR fuzzy function, tgy refers to a LR fuzzy number
and n # 0, 1.

To solve the problem of FBDE (1), the n'"* power of LR fuzzy function
is required to be defined. Therefore, a theorem is defined in the following
to determine u"(t).

Theorem 3.3. Assume that u(t) = (z(t),y(t),2(t)) is a LR fuzzy func-
tion

a) If u(t) > 0, then
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b) If u(t) <0, then
(z™(t),n 2™ H(t) y(t),n " 1(t) 2(t)) n odd,
u"(t) =
(z™(t), —n z"71(t) 2(t), —n 2" (t) y(t)) n even.

Proof.

a) With the help of definition 2.2

@ (t) = (

a3(t) = a>(t) . u(t)
_ 2

Now, by continuing this procedure to the n** step, the equation in
the following can be achieved:

a"(t) = (a:"(t),nac”_l(t)y(t),nx”_l(t)z(t)) .

b) The procedure of the proof in part(b) is similar to that in part(a)
and hence is omitted.
Il
Definition 3.4. Consider the LR fuzzy function u(t)

a) u(t) is [i.gHJ-differentiable, If u(t) is gH-differentiable and u(t +
h) —gm U(t) is calculated from part (i) of definition 2.3.

)
b) u(t) is [ii.gHJ-differentiable,If u(t) is gH-differentiable and u(t +
h) —gm U(t) is calculated from part (ii) of definition 2.3.

Now, a theorem is introduced that enables us to determine the first order
derivative of LR fuzzy function using [i.gHJ-differentiability and [ii.gH]-
differentiability.
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Theorem 3.5. If u(t) = (x(t),y(t), 2(t)) is a LR fuzzy function:

a) If a(t) is [i.gHJ-differentiable then @' (t) = (2/(t),y'(t), 2/ (t)).

b) If u(t) is [ii.gH]-differentiable then u'(t) = (2'(t), —2'(t), =y (t)).
Proof. The proof of part (b) is described in the following:

u(t+h) —gm u(t)

w(t) = Jim h
g @R — @ (1), 2 () — 2 (t+h)y () —y (t+h)
h—0 h
~ lim <$<t+h>—fﬂ<t> Cz(t+h) - 2(t) _y<t+h>—y<t>>
h—0 h ’ h ) h

= (2'(t), =2'(t), =y (1)).

Now for solving FBDE problem a theorem is proposed in the following
that solves the problem using 1-cut system and determining the sign.
O

Theorem 3.6. The solution of fuzzy Bernoulli differential equation with
the initial value (1), a(t) = (x(t),y(t), z(t)) is as follows

A) A1) [i.gHJ-differentiability, x (t) >0 or z(t) <0, n odd, p(t) >
0, ¢ (t) > 0.
A2) [i.gH]J-differentiability,

z(t) <0, neven,p(t)>0,q(t) <O.
A3) [ii.gH]-differentiability,
z(t) <0, n even,p(t) <0, q(t)>0.

AY4) [ii.g]-differentiability, z (t) >0 or x(t) <0, n odd,p(t) <
0,q(t) <O.
3(0) = (e TP ( (1 =) g(t) 1) S POty 4 ¢y ) )5,

Cs e Jp®)dt on [q(t)z"1(2) dt7 c3 e~ Jp@)dt gn [q(t)z" 1 (t) dt

(4)
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B) B1) [i.gH]-differentiability,
z(t) <0, neven,p(t)>0,q(t) >0.

B2) [i.gH]-differentiability, x (t) >0 or x(t) <0, n odd, p(t) >
0, ¢ (t) <O0.

B3) [ii.gH]-differentiability,x (t) >0 or z(t) <0, n odd,p(t) <
0, q(t)>0.

B4) [ii.gH]-differentiability,

z(t) <0, neven,p(t) <0,q(t) <O.

al) = (e 00 (famnyqet= T r0tas e ) )
e— JrWadt n [q(t)z"~1(t)dt </—n q(t) 2" L(t)
(62 e [p@®)dt g—n [q(t) 2" (1) dt)
/ of P =n a0 w”l(t)dtdt+c3> ,
e~ [Pt gn [a0) 2" (@) de ( / Cng (1) 2N

(CQ o= Jp@®)dt j—n [q(t)a" 1) dt) e PO q(t) e M0 di gy 4 C4>> ,
(5)

C) C1) [i.gH]-differentiability, x (t) >0 or x(t) <0, n odd, p(t) <
0, q(t) > 0.

C2) [i.gH]-differentiability,
z(t) <0, neven,p(t) <0,q(t) <O.
C3) [ii.gH]-differentiability,

z(t) <0, neven,p(t)>0,q(t) >0.
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C4) [ii.gH[-differentiability, x (t) >0 or xz(t) <0, n odd, p(t) >
0, ¢ (t) <O.

al) = (e 170 (fi-mat)

1
e(1=n) [ p(t)dt g 4 Cl)) = o= [p@dt o fa(en (bt

(/p (t) (02 efp(t) dt enfq(t) 2= 1(t) dt)

e/ P@®)=nq(®) 2" (B dt gy o 03) e~ Pt gn et dt

< / p(t) (cael POUHTaOT O @) (I O-nar Witgy C4>> ’
(6)
D) D1) [i.gHJ-differentiability,
z(t) <0, neven,p(t) <0, q(t)>0.

D2) [i.gH]J-differentiability, x (t) >0 or z(t) <0, n odd, p(t) <
0, ¢ (t) <O.

D3) [ii.gHJ-differentiability,x (t) >0 or x(t) <0, n odd, p(t) >
0, ¢ (t) > 0.

Dj) [ii.gHJ-differentiability,

z(t) <0, n even,p(t) >0,q(t) <O.
i (t) = (<e<"—1> IPOa( [ g0l S PO® gt )y,
POt 10200 ([ (p(t) g (1)1 0) )

(cpef POt g=n [a() e~ (B)dt )

eI PW-na @ 0t oy o~ [P (O dt o fq() e (B dt

([ -naa0))
(cpe=SP®at e~ a®)a (1) dt ) e/ PO-—naam W dtgy 4 )) _
(7)
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where the constants in (4-7) can be specified using initial values.
Proof.

A) In Al to A4, by substituting @(t) = (z (t),y (t),z (¢)) in (1) and ap-
plying definition2.3, theorems 3.1 and 3.2, the following equations
set is gained:

() +pt)x(t) =q(t) "),
Y& +p@)y ) =nq(t)z" " (t)y(2), (8)
A +p(t)z(t) =nq(t)a" () 2 (1),

where the first equation is the Bernoulli differential equation and
the second and the third equations are linear first order one. There-
fore:

o) = (D 170 ([ PO )

y(t)_CQe fp dt nfq nl(t)dt7

1

Z(t)_C:),C [p@)dt nfq Y~ L(t) dt

)

(9)

B) In B1 to B4, by substituting a(t) = (x (t),y (t),z(¢)) in (1) and
with the help ofdefinition2.3, theorems3.1 and 3.2, the following
differential equations set can be achieved:

y(t)+p () y(t) = —nq(t)a" (1) 2 (¢), (10)

likewise, x (t) is achieved from (9) and for calculatingy (¢) and z (t) the
following equation is defined:

w (t) =y ) +2(), (11)

Now, the following equation is obtained through adding the second and
the third equation of (10) and substituting w (t):

w' (1) + (p(t) +ng(t)a" (1)) w(t) =0,

1-n

i

9
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As a result:
w (t) =Cy e—fp(t)dt e—nfq(t) xn_l(t)dt

)

Now, by substituting (11) in the second equation of (10), the following
equation can be achieved:

v () + () —ngt)z" 1)y (t) = —ng ()" () w(t),
Therefore:

y(t) = e~ PO dten[a@a O dt ( [(—ng(t)an () w(t))
efp(t)dt effnq(t)xnfl(t)dtdt + ¢ )

i

Similarly, it can be achieved that:

2(t) = = [P0 [a O HOU ([ (g (t)a (B)w (1))
eJpt)dt o~ [nq(t)z" "1 (t)dt g4 teg).

For the rest of the cases, the proof can be done similarly.

According to theorem 3.3, if the initial value of fuzzy Bernoulli dif-
ferential equation (1) is symmetric, and FBDE has a solution then
it can be easily found that the solution will be a fuzzy symmetric as
u(t) = (z(t),a(t),a(t)). This case is investigated in example 4.3. O
Summary of the method: The procedure of the proposed method
for solving equation (1) is briefly described in the following:

In the first step, l-cut of the system is solved and the sign of z(t)
,p (t) andg (t) are determined. In the second step, the solution of [i.gH]-
differentiable and [ii.gH]-differentiable is obtained using theorem 3.3. In
the third step, the solution which is closer to the decision maker is con-
sidered as the solution of equation (1). It must be mentioned that the
fuzzy Bernouli differential equation will not have fuzzy solution if for
each t > 0, y (t), z (t) are negative or y (¢) > 0 in [a,b], z (t) > 0 in [c, d],
where [a, b]([c, d] = ¢.

4 Numerical examples

In order to show the performance and applicability of the proposed
method, some numerical examples are presented in this section. It is
also found that the proposed method is simple in use and application.
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Figure 1: [i.gH]-differentiable solution of equation (12).

Example 4.1. Let a fuzzy Bernoulli differential equation be as follow:
u'(t) +ta(t) =2ta%(t)  a(0) = (3,2,1), (12)

In the first step, the following equation can be obtained by solving 1-cut
of the system:

x(t)=3(6—5e§ )t

It can be seen that z(t) is continues and positive in [0,0.5] and p () >
0,q (t) > 0, as a result in the second step [i.gH]-differentiability of theo-
rem 3.3 in part Al is used to have:

+2 2

y(t)=2e7 (6 —5ez )72,

2 2
2(t)=e2 (6 —bez )2,

It is found that y (¢) > 0,z (t) > 0 in [0,0.5], therefore; the solution of
fuzzy Bernoulli differential equation (12) with [i.gH]-differentiability can
be achieved as

2 2 2 2 2
i (t) = (3 (6 —5ez )1, 2e2(6—5ez )2, e2(6—5ez )‘2> ,
here, the solution is illustrated in Figure 1

Similar to the previous case; using [ii.gH|-differentiability of theorem
3.3 in part D3, the following spreads can be obtained in [0, 0.295]:

+2

s 2 > 1875
y(t)=eT (6-5e2 ) 2( 1944e—t2—64806—%—4500e%+?et2+8100.5) ,
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Figure 2: [ii.gH]-differentiable solution of equation (12).

o] 0.1 0.2 0.3

2 29 2 ' 21875 2
z(t)=e2 (6 —5e2 ) 7(1944e™" —6480e™ 2 —4500e2 + =52e" +
8099.5 ) ,

Hence, the solution of fuzzy Bernoulli differential equation (12) using
[ii.gH]-differentiability is determined as follows:

2 2 2 2 2
u(t) = (3 (6 —5ez ) lez (6 —5e2 )72(1944 et — 6480 e~ 7 — 45007 + 18751

+2

181005 ), e (6 —5es )2 (194de—" — 6480 e~ — 4500e'T + 187568 1 8099.5 )> .
The solution is depicted in Figure 2.
Example 4.2. Assumea fuzzy Bernoulli differential equation as follow:
u'(t) =3t (t) = —t2a3(t)  a(0) = (6,2,1), (13)
The solution of solving 1-cut of the system is as follow:
z(t) = 6l (122" —11)7 3,

It can be seen that z(t)is positive and continues and p (t) < 0, ¢ (¢) < 0.
Therefore, in the second step, applying [i.gH]-differentiability of theorem
3.3 part D2, the following spreads can be achieved:

(3993 o

3993

W

y(t) = e’ (122 —11)" — 7128¢% 4 2592 4 6534.5 )

(NI

2(t) = e’ (122 —11)~ — 7128¢%" + 2592 '’ 4 6533.5),

(
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Figure 3: [i.gH]-differentiable solution of equation (13).
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300
200

100
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200

-300
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It is found that y (¢) > 0,z () > 0. As a result, the solution of fuzzy
Bernoulli differential equation (13) with [i.gH]-differentiability can be
calculated as follow:

N|=
Nl

3993
_ 970 —aed
2

i (t) = (6 e’ (12e" —11)77 e (122 —11) — 7128 2"

(
s 3993 :
+2592 ¢ 465345 ) , e (1262 —11)72 (- Te*”” — 7128 2"’

12592 ¢4 1 6533.5 )) ,

which is shown in Figure 3. In the same way, the following spreads can
be obtained through applying [ii.gH]-differentiability of theorem 3.3 part
A4: , , ,

y(t)=2e" (122" —11)72,

2(t) = e’ (122’ —11)~
Therefore, the solution of fuzzy Bernoulli differential equation (14) with
[ii.gH]-differentiability can be determined as follow:
a(t) = (6 e’ (122 —11)72, 2¢° (122" —11)72, ¢f® (1262° — 11)"

The results are presented in Figure 4.

N|w

Nlw

Example 4.3. Let a fuzzy Bernoulli differential equation be as follow:

W)+ (—t—Dat) =2t +2)a2t)  a0) = (-4,3,3), (14)
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Figure 4: [ii.gH]-differentiable solution of equation (13).

Solving 1-cut of the system in the first step results to the following
equation:

2 e -1
r(t)=4eztt (—8eztt 4 7)7",
It is obvious that z(t) is negative and continues and p (¢) < 0, ¢ (t) > 0.

Hence, in the second step, [i.gH|-differentiability of theorem 3.3 part D1
is used to have the following results:

2 2 IO 2 3,2
y(t)= ezt (—8eztt 4 7)72(3e "2 ( —10976 ez T — 14336 e2* 3¢
14096 €24 4 2401 ) + 56448 ) ) |

S(t) = e T (—8eTH 4 7) 2 (e~ (— 10976 T H — 14336 38
+4096 €2+t 4 2401 ) + 56448 ) ) ,

It is found that y(t) > 0,z(t) > 0. As a result, the solution of
fuzzy Bernoulli differential equation (14) using [i.gH]-differentiability is
achieved as follow and is drawn in Figure 5:

i(t) = <4e’f+t (—8eaH 4 7)1 et (—geSH 47) 2 (302

2 2
(— 10976 €7+ — 14336 21" 3 4+ 4096 €2° T4 1 2401 ) + 56448 ) , ez H

2 2
(—8eTH47)72 (3 "2 ( — 10976 T — 14336 €33! 4 4096 2”4 4+ 2401 ) + 56448) :
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Figure 5: [i.gH]-differentiable solution of equation (14).

600

400

200+

-200 1

-400 |

-600

As was expected, since the initial condition of equation (14) is sym-
metric, FBDE has fuzzy symmetric solution. Similarly, using [ii.gH]-
differentiability of theorem 3.3 part A3, the following results can be
obtained: ) )

y(t)=3e2+ (—8ezH 4 7)1,
2 2 .
z(t)=3ezTt (—8eztt 4 7)1,
Moreover, it can be found that fuzzy Bernouli differential equation (14)
does not have [ii.gH]-differentiable solution.

5 Conclusion

Fuzzy Bernoulli differential equations can be considered as one of the
most important math equations. To solve such equations, an iterative
method is proposed by Behzadi under generalized H-differentiability con-
dition in case where the fuzzy variables are parametric as in [19]. In the
present paper, an analytical method is applied to solve fuzzy Bernoulli
differential equation in case where the fuzzy variables are LR fuzzy func-
tion. It is assumed that the generalized Hakuhara difference and the
derivative of the fuzzy function exist. The significant advantage of the
proposed method is its simplicity and applicability which enables it to be
extended to all fuzzy functions. In the future work, fully fuzzy Bernoulli

15
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differential equation are going to be solved and the problem of switching
point are going to be considered.
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